Introduction
Most of the work in finite elasticity is based on the simplifying assumption of incompressibility, and very few analytical solutions to boundary-value problems for compressible elastic solids can be found. Even the numerical solutions based, notably, on the finiteelement method are few. As summarized in the book by Oden [1] , almost all of the finite-element solutions for finite elasticity problems are based on the principle of stationary potential energy. In the finite-element terminology, these can be said to be based on the socalled "compatible displacement finite-element model." However, to the best of authors' knowledge, no studies exist on the convergence of such finite-element solutions for finite elasticity. From this standpoint, as well as from that of the related question of studying solution bounds, it is of interest to construct finite-element solutions for such finite elasticity problems based, if possible, on the complementary energy principle.
Finite-element formulations for finite elasticity problems based on multifield variational principles, i.e., those involving stresses, strains, and displacements all as independent variables were discussed by Nemat-Nasser and his coworkers [2, 3] . General incremental variational principles, using alternate measures of stress and conjugate measures of strain for finite elasticity, and their modifications which Discussion on this paper should be addressed to the Editorial Department, ASME, United Engineering Center, 345 East 47th Street, New York, N. Y. 10017, and will be accepted until December 1,1978 . Readers who need more time to prepare a discussion should request an extension of the deadline from the Editorial Department. Manuscript received by ASME Applied Mechanics Division, August, 1977; final revision, January, 1978. Paper No. 78-WA/ APM-1.
also allow for the a priori relaxation of constraints of interelement displacement continuity and traction reciprocity, were summarized recently by the authors [4] . Various hybrid finite-element models were shown [4] to be derivable as special cases of these general principles, and both stationary Lagrangean as well as updated Lagrangean-type incremental formulations were presented.
In the present paper we are concerned primarily with the development and application of incremental finite-element formulations for finite elasticity, using a complementary energy principle. The considerations of complementary energy principles for finite elasticity are of very recent origin, as seen from the recent works of Zubov [5] , the late Fraeijs de Veubeke [6] , Koiter [7, 8] , Christoffersen [9], Dill [10] , and [4] . In the present paper, we start with a summary of these works, and examine the possibility of casting them into incremental form, to facilitate the construction of piecewise-linear incremental finite-element solutions for a finite strain problem. Thus we first treat the question whether the incremental complementary energy principle can be cast entirely in terms of the unsymmetric incremental Piola-Lagrange (or what is also referred to as the first Piola-Kirchhoff) stress. Second, we consider the incremental version of the complementary principle stated in [6] , which involves both the incremental Piola-Lagrange stress and the incremental rotation tensor, and which yields the incremental angular momentum balance equations as its Euler equations. We then develop a "hybrid" finite-element formulation based on this principle, which, in addition, allows for the a priori relaxation of traction reciprocity condition at the interelement boundaries (this modification to the principle is the reason for labeling the finite-element model a "hybrid stress model," consistent with the general theory of hybrid models as discussed in [4, 11] ). The developed finite-element procedure is applied to solve the problem of stretching to twice its original length ("the biaxial strip problem") of a sheet made of a nonlinear elastic compressible material of the Blatz-ko [12] type; and the results are discussed.
In order, however, to make the present paper reasonably self-con-tained, we begin with some preliminaries of kinematics, definition of various stress measures and their conjugate strain measures, the field equations as expressed in these alternate measures, and various forms of constitutive relations, pertaining to the considered problem of finite elasticity.
Basic Formulation
For simplicity, the initial as well as deformed configurations of the solid are referred to the same Cartesian frame. The undeformed and deformed position vectors are x and y_, respectively. The gradient of %_ is the tensor F, such that,
The nonsingular F has the polar-decomposition,
F=a-(l+h)
where (I + h) is a symmetric, positive-definite tensor, herein called the stretch tensor; / is the identity tensor; and a is the orthogonal rotation tensor, such that, a T =_ a -1 . The gradient of the displacement vector u is defined by e = Vu; eij = uij
The deformation tensor, G, is defined by
The Green-Lagrange strain tensor is defined by
Following [6,13] we define the Piola-Lagrange (unsymmetric) stress tensor t; and the symmetric Kirchhoff-Trefftz stress S, in terms of the true (Euler) stress r in the deformed body, through the following relations:
or, inversely,
t = J(F~1-f); and S = J(F^ • r -F-T )_ (6b)
and
where J is the determinant of the matrix (yij). If W, the strain energy per unit initial volume, is expressed symmetrically in terms of the six independent strain measures, (1/2) (gij + gji), the stress-strain relations can be summarized [6] as
The Jaumann stress tensor, which we label as r, is defined, following [6], as
which leads to the relations
A general three-field variational principle involving S, g, and u, whose Euler equations and natural boundary conditions (b.c) are the full set of field equations and b.c for the finite elasticity problem, has been stated by Washizu [14] . The impossibility of deriving a singlefield complementary, energy principle for finite elasticity, involving 1 In the following we use the notation; ~ under symbol denotes a tensor; -under symbol denotes a vector; V = y" ( S alone is well known [4, 14] . If, on the other hand, one uses th measures t, e, and u in formulating the finite elasticity problem ii is shown in [6, 4] 
and finally, the rotational equilibrium condition
The fact that the rotational equilibrium equations (16) become integrated in the principle of equation (10) provided W has a special structure (namely, that W is expressed in terms of (l/2)(gy + gj t )) j s noted in [6] ; for, in that case,
The definition of equation (18) and the fact that S is symmetric, reduce the rotational equilibrium equation (16) to a trivial identity.
The question of constructing the complementary energy principle based on t alone has been a subject of much recent study. If equations (11) and (14) are satisfied a priori (which is simple to accomplish), it is seen that u can be eliminated as a variable in equation (10). Further e can be eliminated from equation (10) provided the contact transformation
exists. This contact transformation depends on finding the inverse of the relation, 
vliere W is expressed symmetrically as a function of the engineering cirain tensor h; has its Euler equations and natural b.c: Thus the rotational equilibrium equations, equation (23), follow, unambiguously, as the Euler equations corresponding to the variation of the functional with respect to the rotation tensor a. As discussed in [6] the stress-strain relations, equations (24), can be inverted (again, this is in the nature of a physical assumption) and thus the contact transformation,
can be established. Through this transformation, strains h can be eliminated from equation (21) and, further if equation (22) and (26), are satisfied a priori, u can be eliminated from equation (21), to obtain a complementary energy principle,
7rc(t;a)= f \-R(r) + t T : [I -a]}dv + C t-uds
whose Euler equations and natural b.c are equations (23), (25), and (27). For purposes of applications to meaningful boundary-value problems in finite elasticity through the method of finite elements, our primary interest is in the incremental counterparts of the foregoing principles and these are taken up in the following, for simplicity as well as reasons of space, we restrict our attention to the stationary Lagrangean version of these incremental principles.
Incremental (Total Lagrangean) Formulation
Here, the loading process is considered in a finite number of increments, and we consider that the state variables in the solid are represented by the sets |C;v) and \CN+I) prior to, and after the addition of the (N + l)th load increment, respectively. The metric of Co is used to refer all the state variables in each subsequent state. Let state CM be defined by the variables 3 ) = 0 leads to the fully nonlinear incremental field equations, relevant to the given variational principle. However, if the increments are sufficiently small, the incremental field equations can be linearized, and these, for a given variational principle, can be shown to follow from dw 2 ~ 0. Thus, in subsequent discussions, TT 3 is ignored; thus paving the way for piecewise linear incremental solutions. As discussed in [4] , in order to prevent the piecewise-linear incremental solution path from straying, as little as possible from the true solution, it is generally advisable to retain the term x 1 to generate iterative "correction procedures." Thus the solution procedure can be summarized as: using ir 2 to generate solution for AC; and using TT 1 to check if C N truly satisfies the relevant field equations and boundary conditions.
Under the foregoing considerations, the incremental form TT 2 of the functional corresponding to equation (10) can be shown to be
where AW = AiW + A 2 W; and
Where W is the strain-energy density per unit initial volume, considered to be expressed symmetrically in terms of g; and the superscript N is used to denote the state C N . Also, in equation (33), Ag is a linear function of Ae. It can easily be verified that,
It can also be seen that, to a first-order approximation, the incremental rotational equilibrium as derivable from equation (16), can be written as
Substituting for At in terms of AF from equation (34), it can be seen that the incremental rotational equilibrium is identically satisfied. Thus the incremental rotational equilibrium is inherently built in the principle through the special structure for AW (that it is a symmetric function of Ag). The other variational equations corresponding to iv w 2 = 0 are, as can be shown easily
We now examine the possiblity of achieving the contact transformation, AW -At T : Ae = -AT(At); and if this is possible, and in addition, constraining At to satisfy equations (36) and (38) a priori, one can eliminate Ae and Au from equation (31)-in which case, we arrive at an incremental truly complementary energy principle involving At alone. However, we demand that the incremental rotational equilibrium equation (35) (with AF expressed in terms of At) be reflected in the special structure, if any, for the complementary energy density function AT. To these ends, we rewrite equation (34) In the foregoing, we used the notation that
which, by definition, has the symmetry properties,
Also, we used the notation that
which, however, has the only symmetry property, that
Thus, if equation (40) is written in matrix notation,
The foregoing relation can be inverted 3 to write
where in general, *Eijki~l = *Ekuj~1. Thus, using equation (46), the contact transformation can in fact be established to find AT such that,
If the incremental rotational equilibrium conditions are inherently built into the structure of AT, then the condition
must be identically satisfied when Ae;y is expressed in terms of At m ". Doing so we find the rotational equilibrium to be expressed by the necessary condition that
It is easily seen that neither of the two terms in the previous expression is by itself symmetric. The other possible ways in which the aforementioned sum of two terms can be symmetric are: (a) first, one term is a transpose of the other; however, it is easy to see that this is not the case, and (b) second, the first term can be expressed as the sum of a symmetric tensor and the transpose of the second term. However, *Eij mn~1 (with the only symmetry property, *E ijmn = *E mni j) cannot be analytically derived. Thus even though *Ey mra is the sum of two terms, it is in general not possible to decompose *Eij mn~1 to suit our purposes. Thus it appears impossible, at present, to prove the assertion (b). Even though the symmetry (or lack of it) of the term in equation (49) can be decided computationally, for a specific problem, it appears that, in general, we cannot expect the symmetry of the said term. Thus it appears that even though the incremental contact transformation can be achieved to find AT in terms of At; since the rotational equilibrium conditions cannot be proved to He built into the structure of AT, the attendant complementary energy principle has little significance.
Thus we are led to believe that, at present, the most consistent and useful development of an incremental complementary energy principle for finite elasticity is that based on the concept wherein the rotational equilibrium conditions follow as a posteriori conditions of the variational principle. To this end, we derive the incremental functional 7r 2 corresponding to equation (21) 
and the exact orthogonality condition,
and noting the stated constraints on At (viz., V-At + poAg = 0 and At = At"on S" 0 ), the variational equation S-KC 2 ~ 0 can easily be shown to lead to the a posteriori constraints:
Equations (57) and (58) are the exact forms of incremental compatibility and total rotational equilibrium in C N+1 , respectively. However noting that in the first-order approximation solution, that (a) terms like At-Aa are omitted in the definition for Ar in equation (55) 
We note that equation (61) is an approximated form of rotational equilibrium in CN+I-However, since the statement of rotational ilibrium in the immediately preceding state, i.e., CAT, is built into ration (61), an inherent check for rotational equilibrium for each ce9 sive stage may be considered as being built into equation
Tn apply' n S the complementary energy principle as stated through , f un ctional in equation (54), one has to assume a stress field At in c h element such that not only the equation V>At + poAg = 0 is tisfied in each element, but also such that the principle of action nd reaction (or traction reciprocity) is satisfied at the interfaces of dioining elements. With the notation that: Vo m is the volume of the m th element; d V 0m its boundary;
^"Om an d Suom are portions of d Vo m where tractions and displacements, respectively, are prescribed, po m is that portion of d Vo m which is common to that of an adjacent element (so-called interelement boundary); superscripts (+) and (-) to denote, arbitrarily, the left and right sides of an interelement boundary in the limit as such a boundary is approached; we note the interelement traction reciprocity condition to be of the form,
If the assumed stress field At in each element doesn't satisfy the foregoing constraint a priori, then the constraint equation (62) can be introduced into the functional of equation (54) 
At-
In the foregoing, AU P can be identified as interelement boundary displacements, and are required to be inherently "compatible" (i.e., they must be unique) at the interelement boundary. The variational equations corresponding to equation (63), can be shown to be, in addition to those already stated in equations (57)-(59), the necessary interelement traction and displacement conditions, at pom
Consistent with the general philosophy of the finite-element methods based on relaxed requirements of interelement continuity conditions for admissible field variables [4, 11], the finite-element model, as stated through equation (63), is labeled here as an "Assumed Stress Hybrid Finite-Element Model."
Development of Finite-Element Algebraic Equations
For clarity and conciseness, only the essential steps pertaining to the finite-element formulation for a three-dimensional case followed by the specific assumptions for a plane-stress case are indicated; further details can be found in [16] . First, the stress tensor At that satisfies equation (36) (68)
Now, for a 3-dimensional case, the nine rotation components ayare subject to 6 orthogonality relations, thus leaving 3 independent rotation parameters. With this in mind, the assumption for a can be written as
where A6 are the 3 rotation parameters; and AM are "b" undetermined parameters in the assumed functions for AS. Likewise, since t" is known, we write
Finally, we write the matrix representation for the relation between Ahtj and Arij as
Using equations (72) and (76) As shown in [17] for the linear elastic case, the matrix Hn cannot by itself be inverted, due to the fact that certain combinations of linear terms in Xi, X 2 , and X3 in the assumed functions for stress-functions 4>ij produce zero stress-energy; thus there exists a nonzero vector A/3 for which the stress-energy is zero; however, the entire matrix consisting of Hn, H22, and H12 in equation (82) The k m is the incremental (tangent) stiffness matrix of the structure and AQ are equivalent incremental nodal forces. Noting the connec' tivity of nodes, the summation over the elements as indicated in equation (84) can be carried out, and the global "tangent" stiffness matrix and nodal force vector can be formed, and the solution for Ao* (where Ag* are independent global-nodal displacements) can be carried out in the usual fashion. Knowing Ag*, A/3, and Ap for each element can be found from equation (83); from this, At and Aa can be found; and through these, the new values q N+1 , t N+1 , h N+ i,r N +\ u N+1 in CN + I can be evalued; thus setting the stage for the solution for the increment CN+I to CW+2 for any N.
Finite-Strain Analysis of a Nonlinear-Elastic Sheet
The aforementioned general theoretical developments are now specialized to the case of plane-stress analysis of finite strain problems of compressible elastic solids. For the plane stress case the assumptions that ti3 = t3i = t 23 = t3 2 = t 33 = 0 can be made; and further the rotation tensor a can be assumed to have the properties «i3 = a 31 = «23 = <*32 = 0 and 0:33 = 1 (where x 1, x 2 are directions in the plane of the sheet and xs is the thickness coordinate). The example considered is the prescribed stretching of a thin elastic sheet (8 in. X 8 in. X 0.05 in. thick); the prescribed stretch being assumed to be to twice its original length. Thus the boundary conditions can be stated as : 0 at x\ = ±4; u 2 = ±4 at x 2 ;±4 (87) The material is assumed to be of the Blatz-ko [12] type, whose strain-energy density per unit initial volume is assumed to be characterized by
where fi, f, and a are material constants and further
Ji=h;
J 2 = h/h; Ja = VT 3 (89) where 7; are the principal invariants of the deformation tensor G. In Appendix 2 we briefly indicate the form for incremental complemental.. energy density function AR (as a quadratic function of the incremental Jaumann stress tensor Ary) as derived from the strain-energy density function in equation (88). In the present problem, for simplicity, the body forces are assumed to be zero. The plane-stress incremental stress field is assumed from the first-order stress functions, as The incremental rotation field can be seen to satisfy the required linearized orthogonality condition, viz.,
It is also noted that if Ad is sufficiently small, the incremental rotation field can also be considered to satisfy the exact orthogonality condition,
to an accuracy of order (A8) 2 : The variation of A6 over the element can be assumed as a general polynomial in x\ and xi with parameters A/»;. However, in the present calculations, A0 is assumed to be constant over each element. Finally, the geometry of the finite-element considered is that of a 4-noded rectangular element in the underformed configuration, C 0 . The third field variable, u p at dV 0m is simply assumed to be a linear function on each segment of the boundary of the rectangle. The specific constants ft, f, and a that are chosen for the present numerical example are as in Fig. 1 . A 6 X 6 nonuniform mesh for a quarter of the sheet (only which needs to be analyzed due to symmetry) is considered in Co configuration, as also shown in Fig. 1 (each element has 8 displacement degrees of freedom). The considered total average stretch of 100 percent of the sheet is imposed in 20 increments of 5.0 percent when Newton-Raphson-type iterations (due to corrective terms arising from the functional -w 1 as in equation (30)) are used; whereas when no iterations are used (i.e., ir 1 is excluded from the formulation), the total stretch is imposed in 40 increments of 2.5 percent each. An average of 3 iteratipns in each increment we found necessary to achieve convergence. Fig. 1 shows the total axial load necessary to achieve various levels of average stretch. The results with finer increments and no iterations were not noticeably different from those with twice large increments and with interations, and hence no distinction is made between these in Fig. 1 . Preliminary results for a similar problem (1 in. X 1 in.) sheet, with a uniform 6X6 mesh, with 40 increments and no iterations were reported in [4] . From these and the present results, judging from a computational time viewpoint it appears to us that, in the present type of formulation, it is simpler to consider smaller increments with no iterations. 6 It is possible to retain terms of order (AS) 2 in the expression for Aa in equation (93). In fact when this was done, the convergence of the present results Was observed to be somewhat accelerated. Further details of this are omitted due to space reasons. The deformed configuration of the sheet at the final stage of 100 percent stretch is shown in Fig. 2 . The contours of computed rotation parameter 6 at the final stage (100 percent stretch) are plotted in Fig.  3 , which shows the largest values at the upper left-hand corner and these are consistent with the deformation profiles as shown in Fig.  2 . Contours of Piola-Lagrange stress t 2 2 at the final stage are shown in Fig. 4 .
Concluding Remarks
In an incremental total Lagrangean formulation of a hybrid stress finite-element method it is found possible to achieve an incremental contact transformation to express the complementary energy density entirely in terms of the incremental, unsymmetric, Piola-Lagrange stress tensor. However in such a case, it is also found impossible to verify that the incremental rotational equilibrium equations are embedded in the structure of the incremental complementary energy density. Thus it is concluded that the most rational and useful way, from a practical viewpoint, is to allow the rotational equilibrium equations to be the Euler equations of a variational principle, corresponding to variations in the tensor of rotation. A successful application of this new hybrid stress finite-element method to the finite strain analysis of compressible nonlinear-elastic solids is demonstrated. The rather natural extension of this method to incompressible solids is being reported in a companion paper.
APPENDIX 1
The incremental functional IT 1 corresponding to equation (29) 
we consider the plane stress case; i.e., £13 = t 3 i = £23 = £32 = £33 = 0; and ai3 = a 3 i = a 23 = <*32 = 0, and 0:33 = 1. The incremental strainenergy density AW as used in ir 2 of equation (50) 
»]
Through lengthy, but relatively straightforward algebra, we derive this to be 
In the foregoing, hij are known quantities hij N at the iVth stage and the superscript N has been omitted for convenience. It is now seen AW in equation (98) Transactions of th© ASME
• linear, can be inverted, and hence through the contact transfer-such that Jnation, we find Aha = -dAfl dAr;, 
